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1. Dominance
* Poverty, Inequality, Social Welfare

* Robust ‘dominance’ judgments: accepted by
people with different norms

 One-dimensional settings. H-L-P (1929),
(K1a9r7a(r)r)1ata (1932), Kolm %1969) and Atkinson

 Normative hypotheses: e.g., variations In
aversion to inequality



Multi-Dimensional Setting

Less obvious how to obtain powerful rules

Atkinson and Bourguignon Restud82, 87;
Koshevoy 95, JASA98; Moyes 99

Bazen and Moyes 03, Gravel and Moyes 12,
Muller and Trannoy JET11, 12

etc

Signs of 4t order derivatives generally not
used because believed to be hard to interpret

How to gain discriminatory power?



The Contribution

A new method to Incorporate normative
restrictions in welfare analysis:

‘Welfare Shock Sharing’

Providing normative Interpretations to sign
conditions for 41 degree derivatives of utility

Characterization of a new asymmetric
condition: U4, <0

New Necessary and Sufficient condition for SD
results for several classes of utilities

Poverty Ordering characterizations



Signs of derivatives of utility

e Two attributes

e Signs of derivatives of utility as normative
conditions

« AW=W.-W..= ][] U(x,y)dAF(X,Y)

« Continuous distributions

« U defined and ‘sufficiently’ differentiable over
x1in ]0, a,] and y in ]O, a,]; or any intervals

* Benchmark: U,,U,>0;U,, ,U;;,U,,< 0

* Upgg, Uggp Uypgy, Uppy 20

* Not always necessary to assume all of the above

U110 Ugi2r Ui1o, Ugogg, Usny <0



2. Welfare Shock Sharing

Extending welfare notions by defining ‘Social
Shocks’ and stating solidarity

Take two individuals with same bivariate non-
random endowments. Which welfare effect of
some welfare shocks on this small society?

Welfare shocks may be: losses of some
attributes, risks affecting some attributes,...

Applications to SWFs additive In individual
utility functions of possibly random variables




et be any endowments (X,y) € R,2. Let c and d
> (0. Let € be a centered real random variable

and o be a centered real random variable
Independent of ¢

(1) A social planner iIs said to be Welfare
Correlation Averse iIf x-c > 0 and y-d > 0

Implies that the social planner prefers the state

{(x-c,y);(x,y-d)} to the state {(X,y);(x-c,y-d)}

hat iIs: "Sharing fixed losses affecting different
attributes improves social welfare'



 (11) A social planner is said to be Welfare Prudent
In X If x+& > 0 and x-c > 0 implies that the planner
prefers the state

{(x-cy);(xte,y)} 1o {(X-ctey);(X,y)}
“Sharing a fixed loss and a centred risk affecting the
same first attribute improves social welfare '

 (111) A social planner is said to be Welfare Cross-
Prudent in X If y+6 > 0 and x-c > 0 implies that
the planner prefers the state

{(x,y+8);(X-C,y)} to {(X,y);(X-¢,y+0)}
“Sharing a fixed loss and a centred risk affecting
different attributes improves social welfare '



e (iv) A social planner is said to be Welfare Temperate
In X If x+e > 0, x+d > 0 and x+6+e > 0 implies that
the planner prefers the state

1(x+0,y);(xte,y)} 10 {(X.y),(x+6+e,y)}

“Sharing centred risks affecting the same first attribute
Improves social welfare'

e (v) A social planner is said to be Welfare Cross-
Temperate if xte¢ > 0 and y+6 > 0 implies that the
planner prefers the state

* {(xtey)i(x,y+0)} to {(X)y);(x+e,y+6)}
“Sharing centred risks affecting different attributes
Improves social welfare'



e (vi) A social planner iIs said to be Welfare-
Premium Correlation Averse In X If x+& > 0,

X-cte > 0 and y-d > 0 implies that the planner
prefers the state

{(x-c,y);(x,y-d); (x+e,y);(x+e-c,y-d)}

to {(X,y);(X-c,y-d); (x+e-c,y);(x+¢€,y-d)}

“Sharing fixed losses affecting different attributes
Improves social welfare, while less so under
background risk in the first attribute’



Equivalences under Expected Utility
 (a) Inequality Aversion is equivalentto U;; <0
(Eqt to preference for sharing fixed losses in x)

* (b) Welfare Correlation Aversion is equivalent to

 (c) Welfare Prudence In x Is equivalent to U;1,>0

e (d) Welfare Temperance in X Is equivalent to
U1111§O

* (e) Welfare Cross-Prudence In x Is equivalent to
U122 Z O

o (f) Welfare Cross-Temperance Is equivalent to
U1122 S O

* (g) Welfare Premium Correlation Aversion in X IS
equivalent to U111, <0



Proof for U;11, <0

o Letc be afixed loss and € be a centred risk
e Jensen’s gap for a function w:
Let v(X,y) = w(X,y;c) - Ew(X+g,y;C),

where w(x,y;c) = U(X,y) - U(x-c,y) = Utility loss
due to a fall in the first attribute.

* Then, va(X,y) = Wa(X,y;C) - Ewz(xte,y;c) <0

Iff w2 <0, that Is: U111z <0
Because same sign for derivatives and finite variations



o V,(X,y) = W,(X,y;C) - Ewy(X+e,y;c) <0, all c
Iff w(X,y;c) - Ew(X+e,y;c) - w(X,y-d;c)

+ Ew(X+e,y-d;c) <0, for all cand d

e Then, U(X,y) - U(X-c,y) - EU(X+¢,y)

+ EU(X-c+e,y) - U(X,y-d) + U(X-c,y-d)

+ EU(X+e,y-d) - E
Therefore, for a 4-

J(X-Ccte,y-d) <0

Derson society:

* U(X'C1y) T U(X1y'd) T EU(X_I_Say) T EU(X'C_I_Say'd)
> U(x,y) + U(x-C,y-d) + EU(X-ctg,y) + EU(x+g,y-d)
 Interpretation by decomposing in two groups



° {(X_C1y); (X’y'd); (X+89Y); (X+8'C1y_d)}
preferred to

{(x)y); (x-c,y-d); (x+e-Cy); (x+s,y-d)}
o Utility Premium p*(x,y,e) = U(X,y) - EU(x+¢,y)

e Premium for being an individual under risk rather than
another without risk, under vell of ignorance

pX(X-CDYDS) + pX(X,y-d,S)
IS preferred to

pX(Xa}IDS) + pX(X'C,y'd,S)

o “‘Welfare-Premium Correlation Aversion’



3. Stochastic Dominance

e ‘(s,,S,)-1cv: (S4,S,)-INcreasing concave’:
(_1)k1+ k2 +1 [ak1+k2 /OKix 5k2y] g > 0

for k. = 0,..., s;; 1= 1, 2; s; non-negative integers
and 1 <k;+k,

e ‘s-idircv: s-increasing directionally concave
(_1)k1+k2+1 [ak1+k2 /OKix 8k2y] g > 0

for k; and k, non-negative integers and

1 <k;tk,<s, s is a non-negative integer > 2



» Let s be an integer greater of equal to n
e R.={(ry, r2) €N 1<rq+r, =s}

* Let Ug be the set of generators of a set of
utility functions S. Then,

Usigirey = n{(l’l,rz) e rs} Yir,n)-icv



H,(x) = |o* F,(s)ds
L (x) = [oX|ot F,(S)dsdt
M. (x) = JoX] oot F, (S)dsdtdu

H(x,y) = [oX]oY F(s,t)dsdt

H,(x; y) = |o*F(s,y)ds

L (x; y) = JoX|o® F(u,y)duds

M. (x; y) = [oX|o8lo¥ F(t,y)dtduds

Idem by substituting the roles of x and y



Stochastic Dominance Results
e For any distributions : AF =F-F"

 All usual signs for first and second
derivatives of utility

¢ (A&B82):1+2"+U,,,,U.,,>0,U;;,,< 0
F SD F~ is equivalent to:
(1) Forall x AH,(x)< 0
(2) Forall y AH,(y)< 0
(3) Forall X,y AH(x,y)< 0
 Now a full proof of NSC



(3,1)-Icv:
Ui,Uz > 0; Usq,Uq2 <0;
U112:U113 205 Uygyp <0

e (@) AL (x;y) <0, forall x,y
e (b) AH,(a;;y) <0, forally
* () AF(y) <0, forally

 |ldem for (1,3)-icv



4-Icv:
U;>0;U11<0; Uy, 20; Uy <0

One-dimensional: results already known (4™
degree SD)

NOW there is a good reason to assume Uy, <0:
‘Sharing risks on x is good for social welfare’

(a) AM,(x) <0, for all x
(b) al,(a;) =0
(c) aAH,(a;) <0

ldem with y



4-idircv: U,,U, >0; U,,,U,,,U,,<0;
U111,U110:U195,Up00 > 0;
Ui111:U1000 :Up100 Uggip Upppy <0

e Has a class of generators that 1Is the
Intersection of the classes of generators of

the (s,, S,)-Icv functions sets
with (s, S,) In {(2,2),(3,1),(1,3),(4,0),(0,4)}

e So far, the generators of this class were not
known



Change in variable in the complex plan

e z=X+iy=pe®
e Modulus p = |z| = sqrt (X? + y?)
e 9=Argzin [0, n/2] since x, y >0

e Theorem:

4-1dircv In (X,y) Is equivalent to 4-icv in p



4-1dircv Stochastic Dominance

NSC with a;, = a, = +oo:

o (a) AM (p) <0, forall p
e (b) AL (+0) <0
e (C) AH (+00) <0

* An appropriate bound a, for (b) and (c) in the cases
with bounded domains

Examples of various domains for (x,y)



Generators of 4-1dircv

e The generators of the 4-idircv class are the
functions of x and y defined by:

Max{c - sqrt(x2+y?),0}«1,

« forall cel0,a ], iIfk=4and c =a, If k=1,2,3



4. Poverty Orderings

o Pkiks = f[o,zz]f[o,zl] (Z1-X)*Y(zo-y) =t AR (X,Y)

e 4-icv (In X) dominance ordering Is equivalent to
the poverty ordering P%(z,) = P*%(z,, y_max) in X

+ SSD and TSD conditions at bounds

 4-idircv dominance ordering Is equivalent to the
poverty ordering P*(z.) in p
+ SSD and TSD conditions at bounds



* (3,1)-icv dominance ordering Is equivalent to
the poverty ordering Pk:1

for all z, €]0, x_max] if ky;=3 and z, = x_max If
k,=1,2: and Z,=y_max with k,=1

* (2,2)-icv dominance ordering is equivalent to
the poverty ordering Pk:k

for all z, €]0, x_max] if ky=2 and z, = x_max If
ki=1; and idem for k, and y



5. Conclusion

A new normative approach:
Welfare Shock Sharing

Normative interpretations of the signs of 4t degree
derivatives o? ﬁItIeS J J

A new characterization for U,;,, <0

Nfe?essa.r and Sufficient SD results for several classes
uncti

Equwalence with multivariate poverty orderings
To finish: Empirical application
To come: More dimensions and higher degree

To come: Generalised polar stochastic dominance
More on risk analysis
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